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We study the dynamics of vortices in a two-dimensional, non-equilibrium system, described by
the compact Kardar-Parisi-Zhang equation, after a sudden quench across the critical region. Our
exact numerical solution of the phase-ordering kinetics shows that the unique interplay between
non-equilibrium and the variable degree of spatial anisotropy leads to different critical regimes. We
provide an analytical expression for the vortex evolution, based on scaling arguments, which is in
agreement with the numerical results, and confirms the form of the interaction potential between
vortices in this system.
Topological defects play an important role in two-
dimensional (2D) critical systems with either U(1) or
SO(2) symmetry [1]. A paradigmatic example is the
Berezinskii-Kosterlitz-Thouless (BKT) phase transition
between disordered and ordered phases of the equilib-
rium planar XY model, caused by vortices binding at low
temperatures due to their mutual attractive interactions
[2, 3]. Topological defects emerge naturally in a large
number of non-equilibrium systems [4, 6, 7, 11], although
their roles at criticality are still largely unexplored. One
paradigmatic case is the compact Kardar-Parisi-Zhang
(cKPZ) equation [1, 6], which appears as a natural ex-
tension of the non-compact KPZ equation, [10, 11], when
considering the compactness of the phase. The cKPZ
equation has a wide range of physical applications: from
driven-dissipative condensates, such as microcavity po-
laritons [12–16]; polar active smectic phases [17]; trans-
port phenomena in periodic media (driven vortex lattices
in disordered superconductors [18, 19]); synchronisation
and frequency stability in networks and lattices of cou-
pled limit-cycle oscillators to coupled optomechanical os-
cillators [20].
Recent theoretical studies suggest that the critical
properties of 2D systems governed by the cKPZ equa-
tion differ substantially from their equilibrium counter-
parts, and that the BKT theory can not be extended to
all regimes [6, 11, 21]. This is rooted in the fact that
the vortex-antivortex (V-AV) interactions in an isotropic
or weakly anisotropic (WA) cKPZ system, in contrast
to the equilibrium XY model, become repulsive beyond
a characteristic length scale. In this scenario, a dis-
ordered vortex-dominated phase composed of unbound
vortices emerges and precludes a phase transition to a
quasi-ordered state in the thermodynamic limit. How-
ever, in the strongly anisotropic (SA) cKPZ system, the
V-AV interaction is even more attractive than in the XY
model, and consequently, the bound vortex pairs stabilise
a quasi-ordered phase at low noise levels, to some extent
as in the BKT theory for equilibrium systems.
In this paper, we present the first clear confirmation of
these predictions, based on an exact numerical solution of
the full cKPZ dynamics, following a rapid quench across
the critical region. We explore the regime of parame-
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FIG. 1: Steady-state of the cKPZ system. Steady-state
density of vortices ρ (in arbitrary units, dashed curves) and
magnetization M (solid curves) as a function of the noise pa-
rameter σ for different λ. The vertical dashed line indicates
the final noise σf = 1/3 for the infinite rapid quench shown
in Figs. 3 and 4. For the XY model with λ = 0 (green curves)
and the SA case with λx = −λy (black curves) the system
exhibits (quasi)ordered and disordered phases separated by a
critical noise σc ≈ 0.63 (striped rectangle). However, for the
isotropic case with large non-linearity λ (blue curves), the sys-
tem shows a vortex-dominated phase with no magnetisation
even at low noise values.
ters accessible to the mentioned analytical methods and
beyond. We observe both i) the new vortex-dominated
disordered phase in the WA scenario and ii) the quasi-
ordered phase with diminishing number of V-AV pairs
in the SA case. Finally, we complement our numerical
study with an analytical derivation of the vortex equa-
tions of motion by considering scaling arguments and the
approximate V-AV interaction potential, which is in ex-
cellent agreement with the numerics of the full cKPZ
dynamics. This confirms that the approximate form of
the vortex interactions captures the essential physics.
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2FIG. 2: θ(r) at late times with marked vortices. 2D
maps with position of vortices (black dots) and antivortices
(red dots) on top of the θ(r) profile for a single realisation in
two different regimes: i) phase ordering configuration in the
SA regime with λx = −λy = 1.7 (left panel), note that due to
periodic boundaries the red V at the bottom is paired with
the black AV on the top, and ii) vortex-dominated phase for
λx = λy = 1.5 in the isotropic regime (right panel). Note that
the left panel shows the whole system, whereas the right panel
shows a zoomed quarter (see the plot for the whole system in
Fig. 8 of the Supplementary Material).
The cKPZ equation and the vortex interaction The
cKPZ equation for compact variable θ(r, t) reads [1, 11]
∂tθ(r, t) =
∑
i=x,y
[
Di∂
2
i θ(r, t) +
λi
2
(
∂iθ(r, t)
)2
+η(r, t)
]
,
(1)
where, θ may denote the phase of the condensate, of the
charge-density wave order parameter, the displacement
field in a polar active smectic system, the phase field of
coupled limit-cycle oscillators. The diffusion constants
Dx and Dy are positive and here taken to be 1, which
can be obtained by an anisotropic rescaling of the lengths.
The non-linear parameters λ can be either positive or
negative and capture the non-equilibrium nature of the
system. The Gaussian noise term with zero mean fulfils
〈η(r, t)η(r′, t′)〉 = 2σ2δr,r′δt,t′ . Vortices in the system
emerge as a consequence of the compactness of the θ
variable in (1), since
∮ ∇θdl = 2pin(r, t), with n(r, t) ∈
Z [11], where l is the contour. Consequently, n(r, t) 6= 0
denotes a vortex with charge n, at site r and time t.
As has been shown by Sieberer and co-workers [1, 6,
11], by considering the dual electrodynamical (dED) pic-
ture of the cKPZ equation and a perturbative expan-
sion in the non-linear parameters λ, the vortices in the
cKPZ system interact through a force with both con-
servative and non-conservative contributions due to the
non-equilibrium nature of the system; in contrast to the
equilibrium XY model, i.e. when λx = λy = 0, where
the vortices interact through only central Coulomb forces
[22, 23]. However, in the present study we are inter-
ested in the scaling and critical properties of the sys-
tem and, consequently, in the interdistance R between
a vortex and an antivortex in a pair. Thus, we con-
sider only the central force within the vortex pair, which
can be obtained from the V-AV potential V (R) through
Fva(R) = −∇V (R). This potential, for charge ±1 vor-
tices reads [11]:
V (R) =
1

log
(
R
Dc
)
− a
33
log3
(
R
Dc
)
, (2)
where  is the dielectric constant of the non-linear dED
theory, Dc is the size of the vortex core and a ≡
2α2+ − α
2
−
2 +
α+α−
2 cos(2θ˜), with θ˜ being the angle of
the vortex-antivortex dipole, which is set to an aver-
age value of zero in the present study. The α coeffi-
cients are α± = λ±/(2D), with λ± = (λx ± λy)/2 and
D = Dx = Dy. The first term of the potential (2) (zero
order in λ’s, i.e. λ+ = λ− = 0) coincides with the po-
tential of the V-AV interaction in the planar XY model.
The second term of (2) comes from the second order cor-
rection in the expansion in λ’s. The first order correction
in λ does not appear in (2) since it does not give a central
contribution to the force [6, 11].
Differently to the equilibrium case, where the V-AV in-
teraction is always attractive, the potential (2) can give
both attractive and repulsive contributions, depending
on the relative sign of the non-linearities λ [6, 11]. Specif-
ically, when both λ’s have different signs, which defines
the SA regime, the force between V and AV is always
attractive and enhanced with respect to the analogous
force in the equilibrium XY model. When the λ’s have
the same sign, which identifies the WA regime, the V-AV
force is attractive only up to a given length scale Lv (ob-
tained from the condition Fva(R) = 0) beyond which it
becomes repulsive [6, 21]. For the isotropic case, where
λx = λy = λ
Lv = Dc exp
(
2
√
D/λ
)
. (3)
Consequently, it has been predicted that the steady-state
of the system shows a vortex dominated phase, charac-
terised by a non-zero density of repelling vortices with
a mean interdistance Lv [6, 21, 24], also observed in the
context of the complex Ginzburg-Landau equation [25].
Dynamical equation for the vortex density Consider-
ing the vortex potential (2) and general scaling argu-
ments we derive a dynamical equation for the vortex
density ρ in the long range limit, which reproduces the
numerical integration of the cKPZ equation (1), reveal-
ing that the dynamics of the vortices is governed by the
conservative and central forces given by the potential (2).
The starting point is to consider the dynamical equation
for a single V-AV pair in the cKPZ system. Assuming
that the central potential (2) leads to viscous-relaxation
dynamics of the phase (where the forces coming from the
central potential are compensated by friction forces on
each vortex [7, 8])., for a V-AV pair: Fva + 2Fµ = 0,
where Fµ = µv is the friction acting on a single mov-
ing vortex with velocity v and inverse mobility µ. Since
v = dD/dt, where D is the distance between the vortex
and antivortex, leads to [6, 6, 7, 9]:
2Fµ = 2µ(D)
dD
dt
= −Fva(D). (4)
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FIG. 3: Vortex dynamics in the SA regime. Number of
vortices nv as function of time t/ log(t) after a sudden quench
from a high noise disordered initial state to a low noise σf
final state. The dots show the numerical solution of the KPZ
equation and the solid lines the theoretical prediction from
(6). We observe a diffusive law with a logarithmic correction:
nv ∼ (log(t)/t)α, with α ≈ 1 for all the different configura-
tions. Specifically α = 1.016 ± 0.010, 1.111 ± 0.011, 1.130 ±
0.015, 1.142 ± 0.015 from top to bottom (see Supplementary
material for more details). The dashed line shows the α = 1
case.
The crucial point for characterising the vortex dynamics
is the form of µ since, as in the case of the XY model, we
expect a non-trivial dependence on D. In this Letter we
calculate µ associated with a single moving vortex with
velocity v of modulus v, whose field configuration is given
by φv. The frictional force reads as Fµ = −∇v(dE/dt),
with dE/dt =
∫
d2r(δH/δθ)(dθ/dt) =
∫
d2r(dθ/dt)2 =
v2
∫
d2r
(
∂φv
∂x
)2
[8, 9, 29], where E =
∫
d2rH is the total
energy of the vortex configuration with energy density H.
Consequently, µ = Fµ/v ∝
∫
dr
(
∂φv
∂x
)2
≈ ∫ dr |∇θ0|2,
for an isotropic vortex located at the origin in the zero-
velocity limit, whose field is given by θ0.
Finally, we calculate ∇θ0 with the help of the dED
relation ∇θ0 = z × E0 [1, 6], where E0 = −∇Vv(r) is
the electrostatic field created by a single charge (vortex)
located at the origin, and the potential Vv(r) coincides
with potential (2), since we are considering vortices with
charge one. Therefore, we find that
µ(r) ∝
{
log (r˜) − 2
3
a˜ log3 (r˜) +
1
5
a˜2 log5 (r˜)
}
, (5)
where r˜ ≡ r/Dc and a˜ = a/2. Expression (5) contains
the characteristic log(r˜) dependence of the equilibrium
XY model (λx = λy = a˜ = 0) followed by higher loga-
rithmic powers from the non-linearity λ, characteristic of
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FIG. 4: Vortex dynamics in the WA regime. Num-
ber of vortices nv as a function of time t/ log(t) after a sud-
den quench from a disordered initial state to a low noise
σf final state. The dots are from the numerical solu-
tion of the cKPZ equation and the solid lines are the an-
alytical estimate from (6). From top to bottom: λ =
3.5, 3.25, 3.0, 2.75, 2.5, 2.25, 1.9, 0.5, with λ ≡ λx = λy. We
observe a saturation of the number of vortices at ρS(λ) for
λ ≥ 1.9, which is a clear indicator of the vortex-dominated
phase (see Supplementary Material). Inset: Blue dots show
the characteristic length-scale Lv ∼ ρ−1/2S obtained from nu-
merics and red solid line from the expression (3) for 2.5 ≤
λ ≤ 4.0.
the KPZ system. We now derive the dynamical equation
for the vortex density ρ by considering that the system
in the long range limit is characterized by a unique single
length scale ξ, a characteristic velocity vξ = dξ/dt, and
characteristic elastic Fva(ξ) and viscous µ(ξ)dξ/dt forces
[7, 8]. Taking an absolute value of (4) we obtain
µ(ξ)
dξ
dt
∝ 1
ξ
∣∣∣∣1− a˜ log2( ξDc
)∣∣∣∣ , (6)
which leads to the vortex density dynamics in the long
range limit through the relation ρ ∼ 1/ξ2 and using (5).
Vortex dynamics after an infinitely rapid quench
Here, we study the dynamics of the vortex density after
an infinitely rapid quench from a completely disordered
phase to a low noise regime with σf = 1/3 (see Fig. (1))
by exact numerical solution of full cKPZ equation (1).
Phase ordering kinetics following this type of quench pro-
tocol has been used to study universal properties of both
equilibrium [7, 8, 30–32] and non-equilibrium [10, 34]
complex systems.
Steady-state Before addressing the quench dynam-
ics, we first characterize the non-equilibrium steady state
(Fig. 2). We find that in the SA regime, characterised by
different signs of λx and λy, the system shows two distinct
4phases in the steady-state: i) A phase with vanishing den-
sity of vortices at low noise levels below a critical noise
σc (left panel in Fig. 2); and with a finite magnetisation
M2(t) = 1Vs (m
2
x + m
2
y), where Vs is the volume of the
system, mx = 〈
∫
d2r cos θ(r, t)〉, my = 〈
∫
d2r sin θ(r, t)〉,
and 〈· · ·〉 denotes averaging over stochastic realisations.
Note that M depends slightly on λ. ii) A disordered
phase, characterised by a high density of vortices, which
destroy the magnetisation at noise levels above σc. This
critical behaviour shown in Fig. 1, equivalent to the one
present in the equilibrium XY model (λx = λy = 0), is
consistent with analytical predictions by Sieberer et al.
using approximate methods [11].
However, this picture changes completely at the WA
regime, i.e. λx and λy with same sign. We find that the
steady state shows a non-zero density of topological de-
fects, which destroy the magnetisation, even at low and
vanishing noise levels when λ ≥ 2.5, with λ = λx = λy
(see Fig. 1 and right panel of Fig. 2). The transition
between a (quasi)ordered phase and disordered phases is
gone. We obtain that the density of vortices is indepen-
dent of the noise at low noise strengths, revealing the
length scale expressed in (3) (see Supplementary mate-
rial for details), which is a clear indicator of the vortex
dominated phase predicted by Sieberer et al. [6, 11], and
analogous to one identified in the context of the complex
Ginzburg-Landau equation [25]. We also observe that for
low values of λ, the characteristic length Lv exceeds the
system size considered in this study and, consequently,
the system does not exhibit the vortex dominated phase.
In contrast, it shows two distinct phases as in the SA
case, one with a finite M and low vortex density (at low
noise levels) and another with a high density of entropic
vortices, which destroy the magnetisation of the system
(see the λx = λy = 0.5 case in Fig. 1). This behaviour is
a finite size effect since Lv > L in this case, where L is
the system size.
Diffusive decay of the vortex density Firstly,
we consider an infinitely rapid quench through a critical
point in the SA regime for different cases. Our exact nu-
merical solutions of the cKPZ equations show that the
vortex density decays in time following a diffusive law
with a logarithmic correction as in the equilibrium XY
model, i.e. ρ ∼ (log(t)/t)α [8, 31], as we can see in Fig.
3. (for further details of the fit and discussion we refer
to Fig. 7 and Sec. II and IV of Supplementary Material).
An example of late time dynamics for λx = −λy = 1.7
case is shown in the left panel of Fig. 2 for a configuration
with 3 pairs of vortices and in Fig. 8 of the Supplemen-
tary Material for a configuration with no vortices). There
is a very good agreement between the vortex dynamics
coming from our numerics and the dynamics predicted by
Eq. (6). For all values of λ considered here, the exponent
α ≈ 1 (the difference between the values of the exponents
for the λ 6= 0 and the λx = λy = 0 is less than 15%. We,
however, notice a weak dependence of the exponent α on
λ with α for λ 6= 0 being close to 1.1 (See Supplementary
material for more details). It is not clear whether this
deviation from α = 1 is due to the non-universal cor-
rections, which could be attributed to the enhancement
of the V-AV interaction when increasing λ, or whether
the system falls into a different universality class with a
critical exponent α = 1.1 rather then α = 1. This will
require further investigations.
Vortex-dominated phase The isotropic system
shows a completely different behaviour. Firstly, for low
values of λ ≡ λx = λy, the decay of the vortex density
scales asymptotically with the inverse time ρ ∼ 1/tβ . In
contrast to the SA case, the exponent β can be much
smaller than 1 and depends strongly on λ (see for ex-
ample the λ = 0.5 case in Fig. 4). Note, that again
the theoretical prediction of the dynamics of the vortices
given by Eq. (6) is in very good agreement with numerical
solutions of the cKPZ equation, as displayed in Fig. 4.
Specifically, we observe that β decreases sharply when
increasing λ, and becomes β ≈ 0 for λ ≥ 1.5, which
indicates that the system reaches a steady-state with a
non-zero density of vortices ρS (see the right panel of
Fig 2 where we can observe the distinctive spiral con-
figuration of the V-AV phase as predicted in [11]). We
believe that this saturation in the vortex density is a con-
sequence of the repulsive interactions between the Vs and
AVs in the isotropic and WA regime at large distances.
The characteristic length scale we obtain from the nu-
merical simulations through ρS ∼ 1/L2v [21] (the inset
panel of Fig. 4) agrees extremely well with the theoret-
ical exponential dependence on 1/λ [6, 11] derived in 4
(see Supplementary material for a technical discussion)
and so indicates the emergence of the disordered vortex
dominated phase. Finally, we should stress that the lack
of saturation in the number of vortices for the λ = 0.5
case is a finite size effect i.e. the length scale associ-
ated with the inverse of the steady-state vortex density
exceeds the size of the system considered in the present
work. We expect a saturation of the number of vortices
for all values of λ for an infinite system.
Summary and outlook We have explored the crucial
role of topological defects in the critical behaviour of a
non-equilibrium system described by the cKPZ equation
by determining numerically the full dynamics after a sud-
den quench through a critical point. We have also derived
an analytical expression for the vortex density dynamics,
using the approximate form of the vortex - anti-vortex
potential [11], which is in excellent agreement with the
numerical results.
Crucially, in the isotropic or WA KPZ regime, i.e.
when there are non-vanishing non-linear terms of the
same sign in both spatial directions, we have identified
a phase characterised by a saturation of the vortex den-
sity in the phase ordering process. This novel behaviour,
with no counterpart in equilibrium systems, arises in
the non-equilibrium scenario due to the external drive
and dissipation, and can be strongly modified by spa-
tial anisotropy. We believe that this vortex dominated
5phase appears as a consequence of the repulsive V-AV
interactions at large distances. Our results confirm the
existence of a new vortex-dominated phase in systems
larger then a characteristic length scale, which is expo-
nentially dependent on the inverse of the non-linear KPZ
parameter.
In the opposite scenario, i.e. with either vanishing non-
linear terms or with no-linearities of opposite sign in the
two spatial direction (SA regime), we find that the vor-
tex density decays in time algebraically with an exponent
close to −1 and logarithmic corrections due to the attrac-
tive V-AV interactions, as in the equilibrium planar XY
model scenario.
Since the cKPZ equation describes the behaviour of a
wide range of atomic, molecular and optical systems, it
would be of a great interest to obtain the parameters of
this equation from microscopic analysis of a particular
realisation. This would allow us to determine whether
the new vortex dominated phase as well as the transi-
tion between isotropic or WA and SA regimes can be
practically realised in any of these realistic scenarios. Fi-
nally, the impact of the sign of the V-AV interaction on
the vortex dynamics when the system crosses a critical
point by following a finite quench has not yet been ex-
plored. This type of critical dynamics, which is success-
fully described for equilibrium systems by the Kibble-
Zurek mechanism [35, 36], can have different properties
out of equilibrium, and is not to date clear whether the
extension of the concept of adiabaticity could be carried
over to the non-equilibrium scenarios [37].
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FIG. 5: Phase ordering kinetics for different time steps
∆t. Number of vortices as a function of time (t/ log t) for the
λx = −λy = 2.5 configuration, for different time steps ∆t.
In this supplementary material we discuss in detail dif-
ferent relevant technical aspects concerning the numeri-
cal methods that we use in the present study. In partic-
ular, we describe the numerical method for integrating
the cKPZ equation and discuss the convergence of the
results with respect to the time step, the system size,
and the number of stochastic realisations, both for the
steady-state and the dynamics after an infinitely rapid
quench across the critical point.
I. COMPACT KPZ EQUATION ON A LATTICE:
NUMERICAL METHODS
We consider a system on a two dimensional N × N
lattice, with N = 1024 and lattice spacing a = 1. Con-
sequently, we numerically solve the discrete version [1] of
the continuous cKPZ equation (1) in the main text:
∂tθr = −
∑
i=x,y
ai
[
Di sin ∆θai +
λi
2
(cos ∆θai −1) +ηr
]
, (7)
where ∆θai = θr(t) − θr+ai(t) is the difference between
the phase at r and at the nearest neighbour site at
r + ai, with unit vector ai. As in the main text: i)
the diffusion constants Dx and Dy are set to 1 ii) the
non-linear parameters λ can be either positive or nega-
tive iii) the Gaussian noise term with zero mean fulfils
〈ηr(t)ηr(t′)〉 = 2σδr,r′δt,t′ .
We use the Euler-Maruyama method for solving (7)
on a lattice [2–5], which states that the stochastic differ-
ential equation expressed as dXt = a(Xt) + b(Xt)dWt,
where Wt represents a Wiener process, can be numeri-
cally solved in discrete time, with time step ∆t and to-
tal time iterations Ntime (where the physical time t is
given by t = ∆t · Ntime), by making use of finite differ-
ences: Xt+∆t = Xt+a(Xt)∆t+b(Xt)∆Wt, where ∆Wt =
Wt+∆t −Wt. Specifically in our case, ∆t = 0.025, Xt =
θr(t), a(Xt) = −
∑
i=x,y
ai
[
Di sin ∆θai +
λi
2 (cos ∆θai − 1)
]
and ∆Wt = ξ
√
12∆tR, where ξ2 = 2σ and R is a ran-
dom number uniformly distributed between −1/2 and
1/2. The prefactor
√
12∆t ensures that the noise has
the same second moment as the Gaussian noise over ∆t
[4, 5]. For the results presented in the main text we have
averaged over 200 stochastic realisations.
Note that the compactness of the phase variable θr,
which results in the appearance of the vortices, is guar-
anteed by the action of the sin and cos trigonometric
functions and by the addition of 2pimr to θr(t + ∆t),
with mr ∈ Z, such that θr(t+ ∆t) ∈ [0, 2pi) [1, 6].
II. COMPACT KPZ EQUATION ON A
LATTICE: CONVERGENCE WITH RESPECT TO
∆t, N AND M
In the following, we discuss the convergence of the
physical results shown in the main text with respect to
different parameters appearing when solving the lattice
cKPZ equation (7). Specifically, we consider the conver-
gence with respect to the time step ∆t, the systems size
N and the number of stochastic realisations M .
In Fig. 5 we display the dynamics of the vortex number
during the phase ordering process for a SA configuration
with λx = −λy = 2.5 for ∆t = 0.015, 0.025, 0.05. The
convergence of the vortex number is reached for ∆t ≤
0.025. We also study the dependence of the exponent α
of the XY model [7–9]:
nv(t) ∼ (logt/t)α, (8)
on the time step ∆t. In Table I we compare the expected
theoretical value α = 1 with the numerical results as
a function of the time step ∆t. We observe that the
deviation |(α−1)/1| (4th column) of the numerical value
for α from the theoretical value 1 does not decrease for
time steps smaller then ∆t = 0.025.
Now, we examine the convergence with respect to the
size of the lattice. As an example, we study the λx =
λy = 1.9 and ∆t = 0.025 for N = 1024 and N = 1200.
In Fig. 6 we show that the convergence of the vortex
density ρ with respect to the system size N has been
reached.
Next, we study the convergence with respect to the
number of stochastic realisations M . We choose the case
7∆t α ±∆α deviation (%)
0.015 0.97 0.07 3.0
0.025 1.02 0.10 2.0
0.050 1.05 0.16 5.0
0.10 1.06 0.23 6.0
0.15 1.05 0.25 5.0
TABLE I: Exponent for the decay of the vortex num-
ber in the XY model. The first column corresponds to
the time step ∆t and the other three columns show the ex-
ponent α, its uncertainty given by the statistical analysis of
the data and the deviation with respect to the theoretical
value 1, respectively. We consider the expression (8), for times
80 < t < 34000.
10 1 10 2
t/log(t)
10 -2
 N=1200
 N=1024
FIG. 6: Vortex density for two system sizes. Vortex
density ρ as a function of time (t/ log t) for λx = λy = 1.9
with N = 1024 (blue curve) and N = 1200 (black curve).
of the XY model with N = 1024 and ∆t = 0.025. Specif-
ically, we look at the numerical exponent α of the vortex
equation (8). In Fig. 7, we show that the α exponent
already converges for M > 100. However, a detailed and
accurate study of the critical dynamics of a stochastic
system requires a high number of realisations [10] and,
consequently, we consider M = 200 for all the data pre-
sented in the main study.
Finally, we study the convergence of α as a function of
the time interval T of the evolution used for the fit for all
four sets of parameters used (see Fig. 2 in the main text).
We consider the dynamical evolution expressed in (8) in
a time interval between [t0, tf ], where the fixed final time
tf takes the value tf = 16000 for λx = −λy = 2.5 and
tf = 30000 for λx = −λy = 0, 1.0, 1.7. We study the
behaviour of the α exponent as a function of the initial
time t0 taken to be between 80 and 2/3 · tf . Results
are displayed in Fig.8, where we show α as a function
of T = (tf − t0)/tf − 80 and consequently T ∈ [0, 1].
α converges for λx = −λy = 0, 1.0, 1.7 configurations
when T → 1 as expected since the universal behaviour
0 50 100 150 200
Number of realisations
0.96
0.98
1
1.02
1.04
FIG. 7: Convergence of the universal exponent with
the number the stochastic realisations. Exponent α
(see Eq.(8)) for the XY model as a function of the num-
ber of stochastic realisations M for times within the interval
[80, 34000]. We observe a convergence of the critical exponent
for M > 100.
of (8) should appear in the long time dynamics. As we
discuss in the main text, we observe that the value of
α is somewhat larger for finite λ than for λ = 0. This
effect can be a consequence of the enhancement of V-
AV potential for finite λ’s. However, the change of the
exponent is small with respect to the exponent obtained
numerically for the XY model (less than 20%). A deeper
analysis of the nature of this difference is out of the scope
of the present study.
III. STEADY-STATE: CONVERGENCE OF THE
VORTEX NUMBER
As shown in Fig. 1 of the main text, the steady-
state of the cKPZ equation in the SA regime shows i)
a low noise phase with finite magnetization M (where
M2 = 〈(∑
i
1
N2 cos θi)
2 +(
∑
i
1
N2 sin θi)
2〉 and 〈· · ·〉 denotes
averaging over realisations) and low density of paired vor-
tices ii) a high noise phase with zero M and high density
of entropic free vortices. However, the system does not
show such phases in the isotropic regime. In contrast,
there is a vortex dominated phase even at low or zero
noise level. The density of vortices appears to be inde-
pendent of the noise when this goes to zero, as has been
recently predicted [1, 6], provided that the average dis-
tance between vortices is shorter than the system size.
This occurs when λ > 2.5 at the zero noise level for our
1024× 1024 square lattice.
We obtain the steady state of the system by numeri-
cally integrating the cKPZ equation on a lattice (7) for a
number of time iterations Ntime (which depends strongly
on the noise level and the non-linearity of the system)
from an initial configuration with no vortices, where the
initial phase at each point takes a random value in the
80.4 0.6 0.8 10.2
0.4
0.6
0.8
1
1.2
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T
α
0.96 0.98
0.95
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α
FIG. 8: Convergence of the α exponent as a function
of time interval in the SA regime Critical exponent α
(see (8)) as a function of T = (tf − t0)/tf −80, where t0 is the
variable initial time and tf is the final time of the evolution,
fixed to 16000 for λx = −λy = 2.5 (green curve) and to
tf = 30000 for λx = −λy = 0, 1.0, 1.7 (blue, red and black
curves respectively). We observe a saturation of the exponent
for longer time intervals, i.e. T → 1, consistent with the
fact that the universal dynamical behaviour (8) is expected
to appear in the late time dynamics. The inset emphasises
the behaviour for the last points, with error bars due to the
statistical uncertainty.
interval [−pi/4, pi/4].
Particularly, for cases in the SA regime, Ntime ≥
320000 when σ < σc, since the convergence of the mag-
netisation requires long times. However, for the isotropic
case and the SA cases in the disordered phase (σ > σc),
we obtain convergence to the steady-state for Ntime ≥
8000, since the system reaches M = 0 and non-zero vor-
tex density in this scenario, which converges quickly.
Next, we check that the high density of vortices ob-
served at low noise level for large λx = λy truly corre-
sponds to the steady-state of the system and is not an
artefact of the initial conditions. Specifically, we con-
sider the λx = λy = 3.0 configuration, shown in Fig. 1
of the main text, and compare the vortex number as
a function of time for three different low noise levels
(σ = 0.0, 0.25 and σ = 0.34) with two very different
initial conditions: i) a configuration with a high num-
ber of vortices (nv ∼ 2 · 105), where the initial phase at
each point takes a random value in the interval [−pi, pi]
and ii) a configuration with no vortices, where the initial
phase at each point takes a random value in the inter-
val [−pi/4, pi/4]. The results are shown in Fig. 9. We
observe that both initial conditions result in exactly the
same steady-state number of vortices. This vortex num-
ber depends on the noise level (see also Fig. 1 in the main
text) since a non-zero noise introduces entropic vortices
in addition to the ones appearing purely due to the re-
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x
=3.0, λy= 3.0, σ=0.34 
FIG. 9: Steady-state vortex number for the isotropic
case. Vortex number as a function of time t = ∆t ·Ntime for
λx = λy = 3.0. The dashed lines indicate the time evolution
from an initial configuration with a high number of vortices
(nv ∼ 2 ·105), whereas the continuous lines are from an initial
configuration with no vortices. We observe that the steady-
state nv does not depend on the initial configuration.
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FIG. 10: Characteristic length scale of the vortex-
dominated phase in the isotropic system. The length
scale Lv, beyond which the interactions between vortices
and anti-vortices become repulsive, as a function of the in-
verse of the non-linearity 2.5 ≤ λ ≤ 4.0 and noise levels:
σ = 0.0, 0.15, σq = 0.34.
pulsive interactions. The non-zero number of vortices for
σ = 0 is a clear indication of the new vortex dominated
non-equilibrium phase.
Finally, we look at Lv, given by Eq. (3) in the main
text, which sets the distance beyond which the inter-
actions between vortices and anti-vortices become re-
9FIG. 11: Comparison of different fitting functions for
the vortex decay. Number of vortices as a function of time
from numerical simulation of the λx = −λy = 1.7 case (blue
dots), together with (log(t)/t)α fit (dashed-dotted line) and
(1/t)γ fits (green ’star’ dots and red dots for γ = 1.006 and
γ = 1.00 cases respectively). As mentioned in the text, the
decay (log(t)/t)α gives the best fit, with α ≈ 1.13.
pulsive. In Fig. 10 we show the results fitted with
Lv/a = Ae
B/λ for λx = λy = 3.0 and three different
noise levels: σ = 0.0, 0.15 and σ = σq = 0.34, which is
the noise level used for the infinite rapid quench in the
main text. The results are: i) log(A) = 0.728 ± 0.022,
B = 3.672 ± 0.092 (σ = 0.0) ii) log(A) = 0.699 ± 0.044,
B = 3.72±0.18 (σ = 0.15) and iii) log(A) = 0.734±0.058,
B = 3.173± 0.24 (σ = σq, see inset of Fig. 3 in the main
text). We observe that noise levels beyond σ > 0.15 in-
troduce additional entropic vortices that seem to cause a
small reduction in Lv.
IV. FITTING FUNCTIONAL FORM TO THE
VORTEX DECAY
As we discussed in section Diffusive decay of the vortex
density of the main paper and Sec. II of the present doc-
ument, the vortex decay in the SA regime follows a dif-
fusive law with a logarithmic correction nv ∼ (log(t)/t)α
and an exponent α close to one. As in the equilibrium
XY-model, this type of functional form fits the data bet-
ter than the nv ∼ (1/t)γ decay. Specifically, for the KPZ
system with λx = −λy = 1.7, we find that α ≈ 1.13 with
a coefficient of determination R2 = 0.99889, whereas fit-
ting nv ∼ (1/t)γ gives γ ≈ 1.006 with R2 = 0.99863 and
FIG. 12: θ(r) at late times with marked vortices.
2D map with position of vortices (black dots) and antivor-
tices (red dots) on top of the phase configuration for a sin-
gle realisation of i) a cKPZ system in the SA regime with
λx = −λy = 1.7 (top panel), note that there are zero V-AV
pairs in that particular configuration and ii) a cKPZ system
in isotropic regime with λx = λy = 1.5 (bottom panel).
R2 = 0.99849 when γ = 1.00 1. The three different fits
1 As a reference, for the equilibrium XY-model case, i.e. λx =
λy = 0, we find an exponent α ≈ 1.01 with a fit with coefficient
10
are displayed in Fig. 11. Although the form with loga-
rithmic corrections fits our data somewhat better then
the pure power-law decay, the difference is not large and
so further investigations, beyond the scope of this work,
would be needed to provide a definite answer about the
faith of logarithmic corrections in the KPZ phase order-
ing.
V. θ(r) SPATIAL PROFILE AND VORTICES
As mentioned in the main paper, the cKPZ system
in the SA regime seem to show a diffusive decay of the
number of vortices with a characteristic logarithmic cor-
rection, due to the attractive V-AV interaction. Conse-
quently, at long times the system eventually arrives in a
state with a relatively smooth θ(r) and no vortices due
to the V-AV annihilation. As an example, in the top
panel of Fig. 12, we show a snapshot of the θ(r) profile
after a long time dynamics for a system in the SA regime,
with λx = −λy = 1.7. This particular realisation has no
vortices. A different realisation for the same parameters
shown in the left panel of Fig 2 of the main paper has
three pairs of vortices. Averaging over realisations leads
to finite but small number of vortices in this regime.
On the other hand, a cKPZ system in the isotropic
regime converges at the vortex-dominated phase due to
the repulsive interactions between the Vs and AVs at
large distances. As an example, in Fig. 2 of the main
paper we showed a 2D map of θ(r) with marked positions
of vortices for λx = λy = 1.5 zoomed to the quarter of
the whole system for better visibility of θ(r) structure.
In this section in Fig. 12 we present the whole system
2D map for this particular realisation to highlight the
highly disordered θ(r) and a large number of vortices.
Additionally, we can observe the spiral configuration of
θ(r), which is characteristic of a cKPZ system in the WA
regime [11].
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